Is composite noise necessary for sudden death of entanglement? 
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It is shown that finite time disentanglement or entanglement sudden death can occur even when 
only one part of the composite entangled state is exposed to a noisy environment. The result is 
illustrated through the action of different noisy environments individually on a single qubit of the 
so-called X class of states. Composite noise on a part or whole of the entangled state is thus not 
found to be necessary for sudden death of entanglement. 
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I. INTRODUCTION 

Quantum entanglement [l], a special kind of cor- 
relation that exists in composite quantum systems has 
been of great relevance both for its importance in foun- 
dational issues of quantum mechanics [l, 2j and for its use 
as resource in quantum computation [3|, |j| . The fragility 
of entangled quantum systems [!, @ to the environment 
surrounding them is the main cause of concern for real- 
izing their technological aspirations. Decoherence refers 
to the process through which superposition of quantum 
states are irreversibly transformed into statistical mix- 
tures due to coupling of quantum system with surround- 
ing environment [5|-|9|. Eventhough it is not possible to 
fully characterize the environment, different models have 
been proposed. Early stage disentanglement or Entangle- 
ment Sudden Death (ESD) [l(], E| is a consequence of 
the exposure of entangled systems to noisy environment 
or channels. 

In Yu and Eberly elucidated the concept of finite 
time disentanglement by examining how two entangled 
qubits individually interacting with pure vacuum noise 
lose their entanglement in a finite time. Further exami- 
nation of ESD has revealed that this early stage disentan- 
glement is an illustration of nonadditivity of individual 
coherence decay rates This inevitable loss of en- 

tanglement has gained lot of attention in the quantum 
information community and efforts are being made to 
find ways in which ESD can be avoided (l2j |. 

It is to be noted here that the studies on finite time dis- 
entanglement in bipartite systems [l(| EH [l3l - l20j concen- 
trated on situations in which either both the subsystems 
are coupled individually to one or more noisy environ- 
ments or one of the subsystems is coupled to more than 
one noise. While it can be interpreted that nonadditivity 
of individual coherence decay rates is manifested in the 
occurence of ESD in such cases ll| , a question of inter- 



est is whether exponential decay of entanglement always 
results when one of the subsystems alone is coupled to a 



noisy environment leaving the other subsystem entirely 
free of noise. Except in Ref. [2ll. I22I] . where sudden death 
of entanglement in qubit-qutrit states when only one of 
them is either subjected to dephasing [21| or depolarizing 
noise 22], not much attention is paid to the finite time 
disentanglement due to a single local noise. We wish to 
take up this issue and examine the disentanglement dy- 
namics of bipartite states when one of the subsystems is 
kept free of noise and the other is subjected to a single 
noisy environment. We have shown that sudden death of 
entanglement results even when one part of a composite 
entangled system is exposed to a single quantum noise. 

The article is organized as under: Sec. I contains intro- 
ductory remarks. In Sec. II we have examined the effect of 
amplitude, phase and depolarizng noises each acting lo- 
cally on a qubit of two-qubit X states. Two special states 
of this class, the isotropic, Werner states are analyzed 
under the local action of these three noises and their dis- 
entanglement times are tabulated in Sec. III. Concluding 
remarks are given in Sec. IV. 



II. SUDDEN DEATH OF ENTANGLEMENT IN 
A CLASS OF X STATES 

We have considered the class of two qubit states of the 
form, 



'a 








0" 





b 


z 








z* 


c 





.0 








d 



(1) 



where a + b + c + d = 1, z = x + iy. This is a subset of the 
so-called X class of states [13, El, UZl and it encompasses 
both pure states such as the all important Bell states and 
mixed states such as Werner and isotropic states. 

It is readily seen that concurence [23|, [24[ , a well known 
measure of entanglement for two-qubit states, of the 
above state is of the form 



C = 2 Max 



0, \z\ — Vad 



(2) 



'Electronic address: arss@rcdiffmail.com 



The noisy channels we have considered here are ampli- 
tude noise, phase noise and depolarizing noise. It is well 
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known that the effect of each of these noises on a quantum 
system can be characterized through the corresponding 
Kraus operators @, Hoi ? , [ll| . 



A. Amplitude Noise: 

The process such as spontaneous emission of a photon 
is characterized by the quantum operation so called am- 
plitude damping or amplitude noise. It gives the right 
description for energy dissipation from a quantum sys- 
tem. The Kraus operators for a single qubit amplitude 



noise are given by 
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FIG. 1: When the density matrix parameters are chosen to 
be a = 0.1,6 = 0.4, c = 0.4, d = 0.1 and \z\ 2 = 0.04 (solid 
line) the entanglement of the state vanishes when Tt = 1.386. 
But when the density matrix parameters are chosen to be 
a = 0.1, b = 0.2, c = 0.6, d = 0.1 and \z\ 2 = 0.04 there is an 
exponential decay of entanglement (dashed line) contrary to 
the previous case. 



where rj = and r denotes the longitudinal decay 

rate. 

When only the first qubit is subjected to amplitude 
noise leaving the second qubit noise free, the correspond- 
ing Kraus operators are given by 
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The time evolved density matrix with amplitude noise 
acting on first qubit of state Eq. Q is obtained as, 



Pa{t) = K laP K\ a + K 2a pK\ a 

arj 2 

bi] 2 zrj 

z*r\ c + a — arj 








d + b - brj 2 . 



It can be readily seen that the state pA{t) retains its X- 
form and hence its concurrence can be calculated using 
Eq. ©. We get, 



C a = 2 Max 



0,77 



(\z\- ^/a[b + d-br, 2 } 



(4) 



It can be seen that C a 
or t > - In 



when \z\ — y/a(b + d — brf) < 
a ( b+ d)-\ z \i ■ Thus, depending on the pa- 
rameters of the initial density matrix, one can either ob- 
serve sudden death of entanglement or not. This feature 
is illustrated in Fig. 1. 



phase noise, the off-diagonal elements of the density ma- 
trix decay exponentially with time. The Kraus operators 
for single qubit phase noise are given by [? ] 
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where 7 = e - ^" and r denotes transvere decay rate. 

The Kraus operators for the action of phase noise on 
the first qubit alone being K\ p — Ki®I 2 , K 2p — Ki®I 2 
(I 2 denotes the 2x2 identity matrix), we have 
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We can observe that only the off diagonal terms are af- 
fected but the time evolved density matrix retains its 
X-form. On evaluating the concurrence for this state, we 
get 



C p = 2 Max 0,7|-2 



(7) 



Notice that Cp = when 



ad < 



or t > h In 



ad 



As in the case of amplitude noise, de- 
pending on the initial parameters of the density matrix, 
one can either observe sudden dealth of entanglement or 
not. 

The illustration of the result is done for some specified 
values of a, b, c, d and \z\ 2 in the following plots. 



B. Phase Noise 

Phase damping or phase noise is a uniquely quantum 
mechanical noise that describes the loss of quantum in- 
formation without loss of energy. Under the action of 



C. The Depolarizing noise 

A quantum noise that converts a qubit into a com- 
pletely mixed state with probability p leaves it untouched 
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FIG. 2: While the density matrix parameters a — 0.2, b — 
0.3, c = 0.3, d = 0.2 and \z\ 2 — 0.09 give rise to sudden death 
of entanglement (solid line), there is no such finite time disen- 
tanglement in the density matrix p with a = 0.5,& = 0.1,c = 
0.4, d = and \z\ 2 = 0.01 



FIG. 3: While the initial density matrix parameters are cho- 
sen to be a = 0.1,6 = 0.6, c = 0.2, d = 0.1 and \z\ 2 = 0.04 
in one case(solid line), they are a = 0, 6 = 0.5, c = 0.5, d = 
and |«| 2 = 0.2 in the other (dot-dashed line). Sudden death 
of entanglement is observed in both the cases. 



with probability 1 — p is the depolarizing noise Q ■ The 
Kraus operators for depolarizing noise are given by [|[ 
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To observe the effect of depolarizing noise on entangle- 
ment when it acts only on the first qubit of a composite 
system, we have to consider the Kraus operators, 

Kid = Di®I 2 , K 2 d = D 2 ®h, 
K 3d = D 3 ®I 2 , K 2 d = D i ®h. 

The time evolved density matrix with depolarizing 
noise acting on first qubit alone is given by, 
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As the resultant density matrix has retained its X-form 
even under the depolarizing noise, we can readily obtain 
the concurrence of the state. It is given by 



C-d 



Max [o, (3 - 4p)\z\ - y/[3a + 2p(c - a)] [3d + 2p(b - d)]] 

(10) 

One can notice that sudden death of entanglement is a 
quite possible happening in this case. We have illustrated 
two situations where initial entanglement decays in finite 
time due to depolarizing noise. 

The family of X states considered in Eq.([T]) include 
quantum states of importance such as Bell states, Werner 
states and isotropic states. In what follows, we will show 
that each of these states exhibit sudden death of entan- 
glement under the action of a single noise on a single 
qubit. 



III. ISOTROPIC AND WERNER STATES 

Isotropic State: The isotropic states are d 2 dimensional 
bipartite states that are convex mixtures of a maximally 
entangled state with a maximally mixed state [25| . They 
are conveniently expressed in the form [26| 



Piso — 



1-X 



d 2 



_[J-|^|]4-a#>M (11) 



where < x < 1 and \ip) is any maximally entangled 
state of dimension d 2 . Notice that pi so is entangled when 
the parameter x is greater than Isotropic states pos- 
sess the property of invariance under unitary transforma- 
tions of the form U ®U* . 

A two-qubit isotropic state is given by 
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The concurrence of the above state is readily seen to be 
Ci = Max [0, 2x — 1] which implies Ci > for all x > 
o. An interaction of the state's first qubit alone with 
amplitude noise leads to 
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The concurrence of p, a is given by 



(13) 



C ia = | Max 



0, (Ax - 1) - v / 2(l-2;)(3- (l + 2a;)r7 2 ) 

(14) 



Notice that C,„ = when 



(4a; - 1) - y/2(l-x)(3- (1 + 2.t)^ 2 ) < 
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t > - In 
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(15) 
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It is not difficult to observe that for all values x < 0.625, 
sudden death of entanglement occurs while for x > 0.625, 
there is an exponential decay of entanglement. This re- 
sult is illustrated in the following graph. 




FIG. 4: Variation of entanglement with respect to time when 
the first qubit of the isotropic state is subjected to amplitude 



Now subjecting the first qubit of the isotropic state to 
phase noise we have, 
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The concurrence of this state is readily seen to be, 
1 



ip = - Max [0, {Ax 



1)7-2(1-*)], (17) 



and it is clear that, Ci V = when {Ax— 1)7— 2(1 — x) < 
or when t > — In 



2-2x 



One can thus calculate the 

time at which entanglement vanishes under the action of 
phase noise on the first qubit. Except at x = 1, where 
we have an exponential decay of entanglement, one can 
see a finite time disentanglement for all values of x in the 
open interval (0.5, 1). The following graph illustrates 
this result. 




FIG. 5: Variation of entanglement with respect to time when 
the first qubit of the isotropic state is subjected to phase 
noise. There is strictly exponential decay of entanglement 
only when x = 1. For all other values of x, there is finite time 
disent anglement . 

When we allow the first qubit of the isotropic state to 
interact with depolarizing noise, the time evolved den- 
sity matrix pid — Ylt=i KidpK^ id retains its X form (see 



Eq.(l)) with 



d _ 3 - 3x+p(Ax ~ 1 ), z _ (3 - Ap){Ax - 1) 
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(18) 



A simplified expression for concurrence is given by 



C id = - Max [0, 2p{l - Ax) + 6x - 3] . (19) 



With p 



1 



it can be seen that a, 



when 



t > 7 In ( 2g-|-i ) ■ It can a l so be seen that sudden death of 

entanglement occurs for the state for all values of x > | . 
We have illustrated it through the following graph. 




FIG. 6: Depolarizing noise even on a single qubit of the 
isotropic state leads to sudden death of entanglement for all 
values of the parameter | < x < 1. 

Werner State: Werner states are d 2 dimensional bipar- 
tite states that remain invariant under unitary transfor- 
mations of the form UxU [27j ■ A two-qubit Werner state 
is a mixture of the fully mixed state \ with probability 

(1 — x) and a singlet state = ^ nl ^ 10 ^ with probability 



(l-.x) 



Explicitly, p w is given by 



Pw = 



V 




(20) 



(21) 



As C w = Max [0, 2^-1] we have C w ^ for all x > |. 

On allowing the first qubit of the Werner state to in- 
teract with amplitude noise we have 



/ (l-x)rj 2 
1 4 










(l+x)ri 2 
4 

XT] 
T 







T 

2+Q-l)?) 2 
4 









2-(l+x)if 



\ 

) 



(22) 



and 
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Max 



0, 2x - y/{i- x ){2- {l + x)ri 2 ) (23) 
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. Notice that C wa — when 



2x - {\ - x)(2 - (1 + x)rf ) < 



or when 



t > - In 
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2 - 2a; - 4x 2 



The range of values of x for which finite time disentan- 
glement occurs in this case is shown in Fig. 7. 




FIG. 7: The action of amplitude noise on a single qubit of the 
two-qubit Werner state leads to sudden death of entanglement 
when the parameter x lies in the range | < x < |. For 
x > 0.5, there is an exponential decay of entanglement. 



Now treating the first qubit of Werner state with phase 
noise we have, 
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C wp = - Max [0, 2x 7 - (1 
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ft is clear that, C wp — when 2x-f — (1 — x) < or 



when t > - In 



2.r 



One can easily see that finite time 

disentanglement occurs for all values of x lying in the 
range | < x < 1. It is illustrated in Fig. 8. 

When we allow the first qubit of the Werner state to 
interact with depolarizing noise we have the following 
result, 
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It is easy to caluclate the concurrence and is given by, 

C wd = I Max [0, 2(3 - 4p)x - (3 + Up - 3)x)} (27) 
6 

It is clear that, C w( i = when 

2(3 - 4p)x - (3 + (4p - 3)x) < p > 
4x 
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FIG. 8: For phase noise acting on a single qubit of the two- 
qubit state, there is strictly asymptotic decay of entanglement 
only when the parameter x = 1. Though there is a finite time 
disentanglement for other values of x i.e., | < x < 1, the 
decay of entanglement is smooth and not very sudden. 



Here, it is not difficult to see that sudden death of entan- 
glement occurs for all values of x in the range | < x < 1 . 
The result is also illustrated with the following graph. 




FIG. 9: Occurence of sudden death of entanglement in Werner 
state when its first qubit alone is subjected to depolarizing 
noise 

In Table I, we have tabulated the time td at which dis- 
entanglement occurs for chosen parameters of two-qubit 
isotropic and Werner states under the action of the three 
noises considered here. 



IV. CONCLUSION 

In this article, we have shown that a single noise act- 
ing on any one of the qubits of an entangled two-qubit 
state is sufficient for the occurence of entanglement sud- 
den death. We have illustrated this fact by subjecting 
one of the qubits of a class of two-qubit X states indi- 
vidually to three different kind of noises, amplitude, de- 
phasing and depolarizing. We have worked out the time 
at which disentanglement occurs for two special states of 
the X class of states, the two-qubit isotropic and Werner 
states. Through this work, we have demonstrated that 
composite noise is not necessary for sudden death of en- 
tanglement and entanglement sudden death is a natural 
phenomena that can happen even when only one part 
of a composite entangled system is exposed to a noisy 
environment. 

We wish to emphasize here that while the possibility of 
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finite time disentanglement for two qubit X states under 
the action of classical dephasing noise on only one of 
the qubits is pointed out by Yu and Eberly in (2(|, the 
occurence of ESD due to the application of local quantum 



noise on a qubit of two-qubit enangled states has not 
been given due atention. We hope our work will initiate 
discussion in this regard. 



TABLE I: Disentanglement times for Isotropic and Werner 
states under different noisy environments 



Noise 


State 


Parameter x 


Disentanglement time rtd 


State 


Parameter x 


Disentanglement time rtd 


Amplitude 


Isotropic 


0.55 


0.405 


Werner 


0.4 


0.405 






0.6 


1.38 




0.499 


4.83 






>0.625 


oo 




>0.5 


oo 


Phase 


Isotropic 


0.65 


1.653 


Werner 


0.5 


1.386 






0.75 


2.773 




0.65 


2.624 






0.85 


4.16 




0.85 


4.855 






1 


oo 




1 


oo 


Depolarising 


Isotropic 


0.65 


0.33 


Werner 


0.45 


0.216 






0.75 


0.47 




0.65 


0.455 






0.85 


0.575 




0.85 


0.61 






I 


0.693 




1 


0.693 
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